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                    and Chiaki MATSUI 
                      (Manuscript received May 30, 1967) 
                              Abstract 
   An experimental study was made of the behavior of single bay, one- and two-storyed 
 frames, using mild steel models with wide  flange sections. A varying horizontal force 
 was applied at the top of a frame model under a constant vertical load on the columns. 
 From the horizontal force-displacement  relation. a considerable reduction was observed 
 in the restoring force due to the column loads, indicating the importance of the unstable 
 character due to dead loads on the horizontal restoring force in tall buildings. 
   In general the experimental results show more favourable behavior for a large deforma-
 tion than the elastic-perfectly plastic theory predicts and a rough estimation of the strain-
 hardening effects accounts for this behavior in a reasonable way. 
1. Introduction 
 Normal building structures are subjected to wind and earthquake forces as 
well as dead, live and snow loads. Usually the latter act vertically and more or less 
constantly, while the former basically act in a horizontal direction and vary 
with time and space. Hence the strength of a structure hinges, among other 
things, on the behavior of the structural frame under constant vertical loads 
and varying horizontal forces. The existence of vertical loads somehow induces 
the unstable feature of a  structure."-"* The development of the plastic analysis 
of structures facilitates clarification of the ultimate state or the real strength 
of a structure. It normally neglects the instability effect of vertical loads. The 
destabilizing phenomenon, however, becomes more important as the structure 
gets higher, so that the vertical loads increase. This phenomenon is also 
significant when the horizontal displacement is large, even if vertical loads are 
small. 
 In modern multi-story frames, structural members are getting slender because 
of the adoption of high-strength steel and this also makes destabilizing pheno-
mena important in structural behavior. 
 A systematic study to investigate the behavior of a structure under such 
conditions is imminent. It seems that no complete theoretical analysis is avail-
able, owing to computational  difficulties .° Plenty of tests have been carried out 
to check the validity of the plastic analysis of  structures,"-6' but they have been 
mostly carried out in conditions where vertical loads are either absent or so 
 * Numbers with parenthesis refer to the bibliography at the end of the paper.
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small that they have no significant effect on the overall response or the unstable 
character of frame behavior. The results of these tests, therefore, can not be 
directly applied to multi-story frames. 
 Prior to the experiment reported here, a series of preliminary tests was per-
formed using miniature steel models of a portal frame with rectangular cross 
 sections.°10°, The destabilizing phenomena of the frame models were clearly 
observed in the horizontal force-displacement curves. During the preparation 
of the present paper, the authors' attention was drawn to a  paper"' by  Makino, 
Sato and Miyazaki, and a  paper''' by Arnold, Adams and Lu. In the former, 
a study was made in order to check on the applicability of the plastic hinge 
method to a rigid frame under constant vertical and horizontal repeated forces. 
It consists of results of a test on steel models with a rectangular cross-section. 
Some models indicated a negative slope in the horizontal force-displacement 
curve. The latter paper is concerned with results of a test on a single story, 
single bay, hybrid frame with full scale, wide flange sections. It claims that 
high strength steel can be used with confidence for structural frames and that 
the behavior of high strength members can be predicted by methods conven-
tionally used for structural carbon steel members. The authors' group has 
conducted several tests along similar lines, using mild steel models of rectangular 
cross sections for one bay, three and five story  frames."' 
  In this paper, the experimental results for one and two story portal frames 
with wide flange sections will be described. Vertical loads are applied constantly 
on the columns, and a varying horizontal force was applied at top floor level. 
A theoretical analysis was made so as to study the elastic-plastic behavior of 
the frames for comparison with the experimental results. We attempted to 
include the strain-hardening effects in the inelastic range in an approximate 
way, in order to gain access to the real  behavior of the frames tested. 
2. Description of the Tests 
2.  1 Object and Scope of the Tests 
 The behavior of a steel multi-story frame under a varying horizontal load 
was experimentally studied, using approximately 1/4-scale models. The main 
influential factors on the behavior of frames are, among others,  1° the number 
of stories and bays,  2' the magnitude of the vertical loads on the frame, 3° the 
slenderness of the columns,  4c the relative stiffness of the columns and beams, 
 5' the shape of the cross-sections of the members,  6° the mechanical properties 
of the materials,  7° the existence of residual stresses, etc. 
 In this experiment, special attention was paid to the effects of the axial forces 
existing in the columns on the behavior of unbraced steel frames. The effects 
of the conditions 1°,  2',  4', and  7- were also investigated. The test program 
consisted of eight specimens of one-bay rectangular frames, and was composed 
of two series, each containing four specimens  : Series I for one story frames 
and Series II for two story. The test frames and their loading condition are 
shown for Series I and II in Figs. 1 (a) and 1 (b), respectively. Constant 
vertical loads are applied symmetrically at the top of the upper columns by an 
oil-pressere testing machine. Horizontal  force was applied to the beam-to-column 
connection of the upper story by an oil jack. The magnitude of the vertical loads
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                                   Fig. 1. Test Frames. 
was decided so that it had approximately the same proportion to the yield load 
of the columns as in a lower story of an actual multi-story frame in this 
country** but the loading condition given in this experiment was somewhat 
different from the actual situation. In an actual multi-story frame vertical loads 
are applied on the beam members as well as on the columns. Wind load is 
distributed over the height of a building and earthquake force does not act only 
on the top floor. However, the fundamental characteristics of these situations 
will be depicted in the behavior of the frame under the loading conditions in 
Fig. 1. 
2. 2 Test Frames and Material Properties 
 Test frames were made by welding beams and columns of mild steel wide-
flange sections and were designed to the dimensions shown in Table 1. Most 
actual frames in Japan have beam-to-column stiffness ratios in the range of 
those given here. The ratio of column height to the radius of gyration is also 
the representative value of multi-story frames. In order to prevent  out-of-plane 
 *0 The ratio of the vertical load P to the elastic buckling load  P,• of a frame is shown 
   in Table 5. The ratio varies from 2 to  7%; the tangent modulus buckling load is 
    not much different from the yield load  Pry. The frames are rather stubby, as compared 
    with frames mostly used in foreign countries.
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                                TABLE 1. 
                         Nominal Dimensions of Test Frames. 
Specimeni:la,:',hHeat            P (ton) h'i Column (mm) Beam (mm) 
1 number(II)treatment 
                            jH-100/100 H-100;(50  I-1 20240 .43 none                              / 6 / 8 /4;:6 
                                                             , 
 1-2 ou' u  I/  P annealed 
 I-3o o o H-100  X100  x6/81.00 none 
 1-4  o  o  o  o   U annealed 
 H-100  :(100I H-100/50  I1-1 10 24 0.43  ' none  /6/3  /4/6 
 II-2 20  o  o  // 
 11-3 10  o  P  H-100,(100  1 100 11                                                            ,-:6;(8I' 
 11-4 20  o  o  o !  o  u 
 P: column load  h: column height  1: beam length  
i  : radius of gyration of a column for in-plane flexure 
 I: sectional moment of inertia 
 ./b,,:h/(1,:<1): beam-to-column stiffness ratio 
   Subscripts c and  b stands for the column and beam, respectively. 
                                       deformation, two identical plane 
 100mm                          4_0_j                   
1frames were connected parallel to  18-                                       each other, to form a specimen, by 
 n6                                     welding a piece of wide flange  hiliAma.• 
  ^/^•  . section at several points across the 
  SoiL .  :1 two frames. The connection and the                                     bottom ends of the columns were 
                     BEAM  2 stiffened by welding cover plates and 
hi% 1 I  1 stiffeners as shown in Figs. 1 and 2.                                     Th s was to prevent local failure at 
  ^  lig  _1 these parts before the overall col- 
                          - 
                                       lapse of the frame. The column 
 COLUMNIEW.: BUTT WELD feet were welded to large wide flange 
                    F.W. : FILLET WELDsections so as to fix the specimen
                                    rigidly on the supporting frame. 
                                       Specimens  1-2 and  1-4 were annealed      Fi
g. 2. Beam-to-Column Connection.                                        after they were constructed. 
 The actual section dimensions of each frame member were measured at both 
ends and in the center with micrometer and callipers. The length of the 
members was measured with steel measuring tape. Average values of the 
measurements were used for the analysis and are shown in Table 2. Table 3 
shows the section properties of each test frame calculated from the values in 
Table 2. The effect of the rounded corners of a wide flange section at the 
flange-and-web connections is taken into account, since it turns out that the 
effect goes up to four per cent on the section properties. 
 Tensile test specimens were taken from a flange of one of the stock wide-
flanges with which the test frames were made, as shown in Fig. 3. They were 
tested by an oil pressure testing machine with a capacity of 30 tons. The 
material properties were observed for each frame member, as shown in Table
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                                TABLE 2.
                         Actual Dimensions of Test Frames. 
 Specimen     IiIColumn Beam 
number -,D B  I, t.TIDIB t„, tr          (cm) (cm.) (cm) (cm) (cm)  (cni)  I (cm)  I (cm) (cm)  (cm) 
    _ 
 1-1 100.02 100.04 10.106 10.028 0.679 0.7651  10.164  5.0041 0.465 0.643 
   1-2 99.97 99.94 10.095 10.034 0.685 0.772 10.165  4.998  0.460  0.645 
   1-3 99.841100.09 10.154 10.062 0.693 0.814 10.165  10.0631 0.698 0.811 
 1-4  99.871  99.85;  10.1471 10.066 0.694  1  0,809  10.155. 1 .052 0.694 0.811 
 11-1 99,87i98.75 10.103 10.026  0.589 0.7991 10.140 5.0010,4201 0.695 
  11-2 99.86  99.69 10.133 9.987  0.592 0.812110.133  5.00210.4190.645 
                                                           1 
  11-3 100.30 99.63 10.098 10.021 0.593 0.80310.120 9.990 0.591 0.814 
 11-4 99.87 99.75 10.114 9.981 0.609 0.812 10.1281 10.0200.597 0.807 
     D: depth of section B: width of section 
 fie  : thickness of web  If: thickness of flange 
                                TABLE 3. 
                      Actual Section Properties of Test Frames. 
       Column Beam Specimen hah  
 number A I Z 4 A I Z  Zr  1  le><1 
 (0-02)  (cm')  (cm')  (cin0  I  (re)  (ern° (cm3)  (cm') 
 1-1 22.04 385.2 76.23  ' 87.55 11.12 184.5 36.30 42.45 0.479 
    1-2 22.22 387.2 76.70 88.15 10.98 183.1 36.02 42.37  0.473 
    1-3  23.17  408.1 80.38 92.50 23.17 408.5 80.37 92.48  1.000 
    1-4 23.08 406.0 80.03 92.07 23.12  406.8  80.11 92.22 1.000 
 11-1 21.88  391.7  77.53  88.61  10.80 181.2  35.74 41.51  0.463 
   11-2  22.15 396.9 78.33  87.72 10.70 181.1 35.75  41.50 0,456 
 11-3  22.02 392.9  77.81 88.90 22.17 397.7 78.60 89.74 1.012 
   11-4 22.27 396.7 78.45 89.78 22.21 396.9 78.38  89.60 1.000 
 A: cross-sectional area  2: section modulus  Z,,: plastic section modulus
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                                  TABLE 4. 
                         Material Properties of Test Frames. 
Specimen Column Beam 
 number  at,  au  su  Mo  a,  Cu  ,  eu  Mo 
 (t/cm2)  (t/cm2)  (%)  (t•cm)  '  (t/crna)   (t/cm2)  '  ("6)  (t•cm) 
 1-1 2.92  4.55 26.5 255.65 3.54 4.72 25.0  150.27 
 1-2  2.90  4.52  li 26.0 256.80 3.44  4.63  I  20.2  145,75 
 1-3 2.98 4.75 24.3  275.65 2.98 4.74 24.3 275.59 
   1-4 2.86  9.63  26.2 263.32  2.86  1  9.63 26.2 263.75 
 11-1  2.69 4.22 28.3  233.92  3.04  1  4.27  20.1  I 126.18 
   11-2 2.67  4.21  28.9  , 239.55  3.08 4.40 20.1  127.81 
   11-3 2.73  9.31  28.2  292.70  1 2.6314.23  28.4 236.03 
 11-4 2.73 4.26  28.3  245.09 2.73 4.26  28.6  249.62 
 ay: yield point stress  au: tensile strength 
 Eu  : maximum elongation  Mo: full plastic moment in pure bending 
2. 3 Loading Arrangement 
 The experimental arrangement is shown in Fig. 5 and Photo. 1. The test 
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specimen was fixed on the  L- ,;:,  
, shape supporting frame at the it 
foot of the lower columns  4,e 
through 16 high-tension bolts,  
Photo. 2. The supporting   — 
frame was set on an oil pres-  
sure testing machine with 100  ,   rt  ' 
ton capacity. Rollers were  t  #1,  r. FyrWis 
placed between the supporting  11,1i, 
frame and the testing machine rl  
bed, in order to allow  the  ,  yar 
supporting frame to  move  t 
                              in                                                                                                                                           "'-                                           - horizontally, Photo. 3. The  (
a) vertical load supplied by the 
testing machine is distributed 
equally among the tops of the  --  41,4  it  , f
our upper columns, Photo. 4.  i • 
 Horizontal  force  was  applied 
 by  an  oil  jack  with  a  capacitV I , tk 't I IA ,a2  of  50  tons  which  was  fixed  on - - riot .  b 1 the supporting frame,Photo.  1
, 5, and was also distributed 
equally between the two frames ail Ot 
of the specimen at the upper   
beam-to-column connections.  –  'ITA  or  ' 
 The friction of the rollers  
, 
was examined experimentally,  (b) 
prior to the tests reported  Photo.  1.  Experimental Apparatus. h
ere. A similar arrangement 
of the rollers was set up. A 
vertical load was applied and if                                      toA .50-31 
                                                              --- the magnitude was changed 
up to the maximum load given          'It ill 
in the tests. The horizontal 
                                 Aforce necessary to cause a 1,IN 14 XV g  4  " 
small horizontal displacement lf  
against the friction of the                                sitts rollers at each vertical loading 
 step  was  measured.  It  was  
 observed  that  the  horizontal 
force was nearly proportional 
to the vertical load, the ratio 
being approximately 4/1000.Photo. 2. Fixing at Column End. 
 As to the loading process, the vertical load was first set to the assigned  value, 
and then the horizontal force was continuously varied in a quasi-static manner. 
The vertical oad was maintained at the assigned value during the test by 
controlling the oil pressure. The horizontal force was slowly removed after
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 #1,,, attainment of an angular  dis-
   .*  "  ft,K. ' placement of about  0.04-0.06 
 :  i'  4  '  ' radians with respect to the 
 f column feet. It was carefully 
                         , checked that no appreciable
            ......,„ .si#..„.,horizontal displacement took txe.'t'si1",k,,-***...rii.' place before horizontal load 
 '  4  M  '  +4   *2  4.'-',.  -  application. 
 is.*   ----- - 2. 4 Instrumentation 
                                       The vertical load applied to 
  ''4 ..#the tops of the columns was 
 't.  .'f#  -  >l'iN. - ' measured by an oil pressure 
           Photo. 3.  Rollers. dial on the testing machine. 
                                      The horizontal load was meas-
 f i =._A=,^4_,' .4,7011rured by a load cell placed bet- 
 411,      4111:oe1I,ir1‘ween the oil jack and the speci-    t< .,
3ia i men. The horizontal relative      1I'401,1p.'"1.1.--'displacements between theto- 
 I;, Ii  01 1ries were measured by tt 17-. emeans                                 4.40of dial gauges with 1/100mm     it                                         scale, Fig.  1, and the strains   S  * atwere measured by wire strain 
 it                                           gauges at the points also shown 
 ';44  Ois  rl  _  —  in  Fig.  1. 
 N#  ,f''':''Z'l,-  '  „4/  ,  „.' 2. 5 Experimental Observations 
                                          The behavior of the frames 
      Photo.  9. Vertical Loading  System observed is shown in Figs. 14 
                                        and 15. The dimensionless 
 e  '  
#  ''''  (-   .   -  '''..  ,.,  .4  ? '   . horizontal load was taken for 
 4....l..''';" -r;'I ''''42,the ordinate, and the dimen- 41 t1 .^c''r I:i.  „isionless displacement for the         i
f:.„'""''''''z'''-'-'`'yr...a,sitabscissa. The vertical load was                 ',„1:ranset to an assigned value after 
                 'k
w:,Iaeight loading steps. The de-          —16bn,   ',1wa"'
't                                         formation of the frame was 
 ' 
                   ',,,,W'*'*'''kr i 6''1.n4, .1- (it a. at each loading step. 
ti I " --, 1:4rt  *  11'tt.  '  f  . The horizontal displacement at 
                           I * .# upper floor level was, at maxi   A,,.mum, 3/10,000 timesthe frame
           7.7r• - •-• , 4 .1  height, before horizontal load 
     Photo. 5. Horizontal Loading System.application. The horizontal 
                                        loading step is clear from Figs. 
14 and 15. The hollow circles designate the experimental values. 
 In the elastic range of the strain measurements, the axial force of the columns 
was calculated from the strains. This was compared with the given vertical 
load which the testing machine dial indicated. The former was in the range of
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 94 to  104  % in Series I and 85 to  95  % in Series II, of the latter. The dial 
readings are used in the following analysis. The horizontal force was also 
calculated on the basis of the strain measurements in the columns. The bend-
ing moment distribution was known from the strains, and the column shears 
were found from the bending moments and the overturning moment due to the 
axial force of the  columns  ; the horizontal load should be equal to the sum  of 
the shears in left and right columns in an ideal situation. The calculated 
horizontal load was in the range of 90 to 100% in Series I, and of 85 to  90  % 
in Series  H, as compared with the load-cell readings. The friction force  due 
   shotC Vri". 
    1,7im;  7,V; 
                    :1‘t
                         lit'r X, C 
                                4 
                                                                                                -'t 
337. 1  ^Pl  '  3  7' 7, 
 . ,_7c•--  ,a,  .77,  YK...r-44a 
 IT  -1  TI _3 
                        Photo. 6. Specimens after Test.
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              Alc,h9t, 94,-.4 444 ?-9,4-44 
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 ,s4,   €749.  14 *its& 
 tti4  t 
  ";;:::<4 , 4'r-A                           14 
  Photo. 7. Permanent Deformation at  Photo. 8. Permanent Deformation at 
  Beam End. Column End (on the more severely 
                                             compressed side). 
                               to the rollers, placed at the frame base, 
  tg.„-om could not be beyond 3.2%*** of the applied  -44a, horizontal force, according to the 4/1,000 
                               friction coefficient. The friction, there-' 
fore, does not fully compensate the  differ-
                          ' ence. The cause may be mainly due to 
                                 imperfect measurement of the strains, and
                               we trusted the readings of the load cell.
                                   Throughout the tests, no out-of-plane
                      SO" deformation nor local buckling phenomenon 
 Photo9Permanent Deformation inwas observed. No appreciable deformation .. 
   Columns.                                  was observed at the beam-to-column connec- 
                               tions. The strain measurements followed
the process of critical sections yielding one after another. Observation of the 
order of yielding shows agreement with the formation of plastic hinges in the 
theoretical prediction (see Fig. 8). 
 A typical permanent deformation is seen in Photo. 6. The pictures were 
taken after the test. The beams remain straight except for small regions at 
the ends where the permanent deformation is  concentrated  ; in columns the 
deformation is distributed over a wider range near their ends, Photos. 7 and 8. 
This is attributed to the axial  forces in the columns. It can be observed that 
the curvature is more pronounced in the columns on the side where the beam 
shear increases the column axial forces than in the columns on the other side, 
Photo. 9. All the frame specimens show configurations in which large plastic 
deformation has taken place at the member ends in accordance with the loca-
tions of plastic hinges (compare Photo. 6 with Fig. 8). 
3. Theoretical Analysis 
 In order to determine the  restoring-force characteristics, or the horizontal 
force-displacement relation under the constant vertical load, we first make the 
following  assumptions  ; 
 *** This corresponds to that of Specimen number  11-2.
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 I° The frame is composed of one dimensional members. 
 2° Although geometry change is considered, the deflections are so small that 
the cosine of the slope angle can be approximated as unity, and load directions 
are preserved. 
 3° Members are subject to flexural deformation only, the axial and shearing 
deformation being negligible. 
  4° The moment-curvature relation is elastic-perfectly plastic until a sufficient 
number of sections reach the full plastic state so that the frame is reduced to 
a kinematic mechanism according to the theory of perfect plasticity (We shall 
now call it the mechanism state). 
  5° The interaction of the moment and the axial force is considered for the 
fully plastic condition of the columns, the effect of shear being ignored. 
 6° The effects of the axial force and the shear in the beams on the full plastic 
condition and on the bending stiffness are negligible. 
  7° No out-of-plane deformation nor any local buckling phenomena occur. 
 8° Effects of the residual stresses are negligible for the deformation charac-
teristics of the frame. 
 When the loads are so small that the condition of linear elasticity is satisfied 
throughout the frame under consideration, the problem is solved by applying 
the slope-deflection method which takes care of the effect of the longitudinal 
force on the rigidity of a member. The fundamental slope-deflection equations 
are written, so far as no intermediate loads act, as 
 M,=-2E1  (a0,4+  MA-TR) 
                                                (1)  2E1 
 (08+0  i—rR) 
and 
                     2E1   Q=(r0A+711,—SR) (2)                             /2 
where the symbols, referring to the member AB, Fig. 6,  are  : 
 A  1  411. the end moment at A 
 MRA: the end moment at B 
 Q: the shear force  HAS 
 El: the flexural  rigidity   I: the length  q  ViR  Vas 
 OA: the slope  angle  at  A  eA 
 -.4111111111
1/4MBA  OR: the slope angle at B— N 
 R: the angular relative displacement  ot  
       between the ends                                                  A 
    N: the axial compressive force 
                                                        Fig. 6. Notations and Directions. 
 z N  El 
        1 zsinz  —  ecosz 
     a 
        2  2(1—  cosz)—zsinz 
      te— 'z2  —  zsinz          2 (1— cosz) — sinz
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 =  a  +  t9 
 =  — 
         2 The positive direction of the quantities are shown in the figure. 
 By applying Eq. (1) for the equilibrium condition of moment at each joint, 
and Eq. (2) for the equilibrium condition of the horizontal forces of each story, 
we get a sufficient number of equations for the unknown  O's and R's. 
 In order to take into account the variation of the axial forces of the columns 
due to the shear forces in the beams, we first assume the shear forces, and 
hence N's of the columns. The  coefficients a,  13, r,  ö are determined, and  O's 
and R's are found from the equilibrium conditions of the frame. The shear 
forces of the beams are then found from Eq. (2), N being set equal to zero. 
If the shear forces thus calculated are different from the assumed shear forces, 
a similar process is repeated using the shear forces obtained as the next trial 
values, until the necessary accuracy is acquired. 
                                      When the variation of the axial 
                                       forces is neglected, we only have to 
                                    consider the right or the left halfC  FTHH/2                                        of the frame under consideration, 
       Hi 
                                       taking account of the anti-symmetric 
                                       property, as shown in Fig. 7 (a).****  / 
                                    The slope angle at the beam center  
r_   I   i  UJ is eliminated from Eq. (1), by setting 
                                       the corresponding end moment equal 
     (a) (b) to zero. 
    Fig. 7. Bending Moment Distribution. When the loads attain such a 
                                    magnitude that a full plastic condi-
tion is satisfied at an end section of a member, forming a plastic hinge there, 
the appropriate end moment in Eq. (1) is set, in magnitude, to the full plastic 
moment of that member. By eliminating the corresponding 0 from Eq. (1), we 
proceed to determine the elastic deformation of the rest of the frame, having 
again an equal number of unknowns and equilibrium conditions, until another 
section reaches the state of full plasticity. A similar process is continued up 
to the mechanism state. If we disregard the variation in the axial force of 
the columns, we can find the order of the formation of the plastic hinges with-
out difficulty. It is shown for the right half of each specimen in Fig. 8. 
 The elastic-perfectly plastic type of analysis does not describe the realistic 
 behavior of a steel frame, because actual steel shows some strain-hardening 
behavior in a large deformation  range  ; the elastic-perfectly plastic analysis 
 **** Since the actual specimens are stiffened by cover plates at the member ends, a 
   member is taken to have the fictitious full plastic moment which would occur at the 
   member end (beam-to-column joint of the center lines), when the section at the end of 
   the cover plate has the full plastic moment of that member,  Fig. 7 (1)). At the column 
   ends where cover plates are absent, the fictitious full plastic moment is determined to 
   be the one corresponding to the full plastic moment of the column at the end section 
   of the connection panel.
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does not agree very well with ex-  C  Q  i Q 
perimental  results  a'•1° Mild steel I I I I 
does not generally enter the strain-.--rs- 2222 hardening rangeuntil a certain1pi 
amount of plastic deformation occurs. 
The full plastic state is reached in  —1 11I                                                                                                 .1 several sections t different stages of,                                      
1 l
oading. When a sufficient number'1  —1 I  I  —  2  I  —3  I  —  4 
of cross sections reach the full plas-   
    1] 
tic state so that the frame would be2 4-6 333 
reduced to a kinematic mechanism 
according to the perfect plasticity 
theory, the strain-hardening may 
have been experienced in the sec-         . 2 
tions where the full plastic state is 
reached at an earlier stage. How- 
ever, at sections where the full plas-  _ 3  _ 2  21 
tic state is reached at a later stage 
may not have entered the strain-                                LI-- 1 Q-2II — 3II— 4 
hardening range. Therefore, we may                                               Fig. 8. Formation of Plastic Hinges. 
take it that, on the average, the frame begins to suffer strain-hardening after 
the mechanism state. Thus, we  assume  : 
 9° The frame gets strain-hardened upon the arising of the mechanism state 
in the critical sections  simultaneously  ; the incremental moment and the incre-
mental curvature have a linear relationship. 
 For this assumption, it may be reasonable to take it that the factor  vEl 
relating the incremental bending moment to the incremental curvature (Fig. 9) 
is based on the average slope in the inelastic range of the stress-strain relation-
ship (Fig. 10), and we  assume  : 
  M  '  Am  'cp- 
 JADE  1  Pr  tadITE  ! 
 .4) 
 tare  E I  1  tart'  E 
                                                                                                                                L_
                                 0     0.Z,  t  15E, 
    Fig. 9. Assumed Moment-Curvature  Fig. 10. Assumed Stress-Strain  Rela-
  Relation.  Lion. 
 10°  r=1/100 
 This is evaluated in such a way that the work done in the extension with a 
strain of 15 times the elastic limit strain is approximately the same in both the 
actual relation and the approximated bi-linear relation. 
 In order to simplify the calculation in the strain-hardening stage, we make 
the additional assumptions as  follows  :
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                                       11° A plastic hinge spreads into 
 Aea plastic zone in the member in 
 X which the full plastic state is  re-
  _ 
  m'am 
dr , tahched,and                                               d
Fig. 11. 
 a6extend into        neighbouring                                        12°The length of a plastic region 
                                     is small in comparison with the  A4,...Am r; r  1 
                         he length of the member, and the  addi-
              ' tional elastic deformation after the 
 AB  I  60 
                                     arising of the mechanism state is 
 mp*AmL   i I negligible. 
 13° The effect of the axial force 
       (a) (b) on the incremental deformation of 
   Fig. 11. Moment Distribution and Plastic 
                                     a column is negligible and the  in-     Zones. 
                                     flexion point does not change its 
position. 
  Let  M„ denote the initial value of full plastic  Hp-AM 
moment, the effect of the axial force being 
considered, and  Alp+  JM be the current full 
plastic moment. Considering the bending moment  ep,  A  e 
diagram, as in Fig. 11, we first establish the 
relationship between the moment  M„+  AM applied Fig. 12. Simply-Supported Beam 
at one end of a simply supported beam with Subjected to End Moment. 
span L and the end slope angle  lip+  .111, where 
   is the end slope angle corresponding to the end moment  M„, Fig. 12. The 
incremental slope angle  .111 due to the purely plastic deformation is obtained, 
by applying, e.  g., Mohr's principle, as 
               
1  (AA  /  M„)2 (3+2 JA/I\I(3) 
              11„  2r (1+SI/MO' M„/ 
The relation is shown by a solid line in Fig. 13. This is for the case where a 
finite plastic zone arises near the end. We apply this relation to beams in 
Fig. 11 (a) with  L=1/2. We also apply the relation to the columns based on 
                               the assumption  13'. L is taken to be the
   mm..I '°M/Mdistance between the end and the inflexion 
                                 point, which is assumed to remain at the
                                 position where it was at the mechanism 
                                 state. Noting that the incremental end
                               angle  .111 is the same both for the beams 
                                 and for the columns based on the  assump-    
) tion  12`, we find the horizontal displace-
                               ment of the joints from the geometry of
                               the deflected frame, Fig. 11 (b). 
I  00  e/0.                                 After expressing AM in terms of  Si for 
Fig. 13. End Moment-End Slope Rela- each member, and then  /.10 in terms of the 
 tion for Simply-Supported  Beam. incremental horizontal displacement, we
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can find the relation between the incremental load and the incremental hori-
zontal displacement from the equilibrium conditions. The total horizontal dis-
placement equals the sum of this incremental displacement and the displacement 
at the mechanism state. 
  As to the unloading process, under constant vertical loads, we  assume  : 
 14° The relation between the decrement in the horizontal force and the 
decrement in the displacement is linear, and is identical with that between the 
increments for the initial elastic state. 
4. Results and Discussion 
  In Figs. 14 and 15 the relation between the horizontal force H and the dis-
placement  4 is shown.  Hp is the collapse load under the horizontal force alone, 
based on the assumption of perfect plasticity.  4, and 42 are the horizontal 
displacements of the first and second floors, respectively, Fig. 15 (a). h is the 
column height. Solid lines refer to the experimental values and dashed lines to 
the theoretical predictions introduced in the preceding section, the variation of 
the axial forces being disregarded. The solid circles indicate the formation of 
plastic hinges. The chain lines refer to the rigid-perfectly plastic theory (see 
the top of Fig. 14 (a)), and coincide, after the arising of the mechanism state, 
with the elastic-perfectly plastic theory for the top floor displacement and also 
approximately for the first floor displacement of two storeyed frames. 
 Both the experimental and theoretical results show as a general characteristic 
that the restoring force of a frame is reduced by the vertical  loads  ; the slope 
of the horizontal force-displacement curve decreases as the displacement in-
creases. A rough agreement is seen between the experiment and the theory 
which takes care of the strain-hardening effect. In the small deformation range, 
both indicate linear relations between horizontal force and displacement up to 
a certain displacement. The theory predicts an appreciably higher slope than 
the experiment, in particular for the frames with large beam-to-column stiffness 
ratios (see Figs. 14, 15 and Table 1). The theory has neglected the shearing 
deformation altogether. Considering the small shear rigidity of a wide flange 
section and the rather small length-to-depth ratio of the members employed, 
the shear effect may decrease the slope to a considerable amount. This is 
estimated approximately in the following way. First, the horizontal force-dis-
placement relation is established by means of the slope-deflection method which 
takes care of the shearing deformation as well as the bending, the vertical loads 
being disregarded. It is assumed that the shear force is carried only in the 
web of a wide flange section, and that the shear stress is distributed uniformly 
on the web. By comparing the force-displacement relation with that found from 
the bending deformation alone, we find the deformation due to shear. The 
shearing deformation is superimposed on the deformation obtained earlier. The 
thin dotted lines in Figs. 14 and 15 show the slope which takes account of the 
shear effect. The discrepancy in the initial slope is thus adequately accounted 
for. The same slope is taken also for the unloading process, showing general 
agreement with the unloading slope in the experimental curves. 
 For the inelastic stage of behavior, it is observed that the experimental curves 
become nearly straight lines, beyond certain displacements (in the deformation
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   Fig. 14. Experimental Results and Theoretical Predictions for One-Storeyed Frames. 
range given in this experiment). If we linearize the  AM-JO relation as shown 
by the thick dotted lines in Fig. 13, then we get straight lines in the strain-
hardened range, as shown by thick dotted lines in Figs. 14 and 15. The slope 
of the linearized  AM-zIO relation is determined so as to equate the area under 
the solid line and that under the solid-dotted line, in the range  0-,0/0,-.10, 
Fig. 13. It is to be noted that perfect plasticity underestimates the restoring
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            force by a considerable amount after the arising of the mechanism state and 
           it does not fully describe the frame behavior for a large deformation. 
              For one-storeyed frames, the  theory overestimates the restoring force con-
           sistently in the inelastic range, by about  10  %. Considering that this is not 
            seen for two-storyed frames, the cause might be concerned with the indeter-
           minancy of the frames but it is not conclusive at this stage of the investigation. 
              The maximum horizontal force is of main interest. This can be clearly 
           observed in the experiment in the case where the stiffness ratio is small and 
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   Fig. 15. Experimental Results and Theoretical Predictions for Two-Storeyed Frames. 
the vertical load is large. This takes place nearly at the displacement of  41,/h 
 =0 .010-0.015. This displacement is nearly two times the displacement at 
which the first theoretical plastic hinge arises in the frame under consideration 
(see Figs.  19 (a), 14 (b) and 15 (b)). The maximum horizontal force observed 
(denoted by  Hr) is compared with the theoretical horizontal force at the mecha-
nism state (denoted by  Jim)  ; the ratio is shown in Table 5. In those cases 
where the maximum force (corresponding to zero slope in the force-displace-
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                                TABLE 5. 
                         Experimental and Theoretical Results. 
                      Theoretical predictions for mechanism state Test results  'Ratio 
 Es Cloadolumn 
                  No Constant 
                   column column Variable column force 
  v I force force`-,c 
vu9.a^ 2 -1  v,E  °.&  u-  °02031  P 
  I-1 1200.3110.049.34  7.87  1.11  7.88  1.08 3.76 0.197.48 1.400.95 
  1-2120 10  .  3110. 04  9.24  7.  77  1.  07  7.80  1.04  3.64  0.18  '7.  20  1.  45 0.93 
 1-3 20  0.2910.03 12.25 9.7810.99  9.62  1.15 5.08 0.25 9.55  1.50. 0.98 
 1-4 20  0.30  0.03 11.70  9.18'0.94  9.10  1.11  4.78 0.24  8.601.50 0.94 
 11-1' 10  0.17  0.04 5.63  5.24  0.87  2.21  5.21  0.91  2.27  3.15  3.15  0.61  5.50  1.50  3.35 1.05 
 11-2 20  0.  340.  07  5.73  4.  74  O.  89  2.  04  4.72  0.76  1.  70  3.20  3.20  0.32  5.  00  1.  30  2.  851  1.05 
  11-3 10  '0.1719.02  8.22   7.  64  1.  20  2.  40  7.43  1.  42  2.  77  5.  90  4.  99 1.09  7.  70  1.  50  3.  00'  1.01 
 11-4 20  0.3310.05 8.38  6.85  0.89  1.99  6.79  1.26  2.48  6.12  4.18 0.52  7.20  1.50  3.05 1.05 
 Pp: yield load of column 
 Pc: elastic buckling load of frame 
 Hp: plastic collapse load of frame 
 Qt,,  Qez: shear forces of the first and second floor beams at the mechanism state 
   Subscripts m and f refer to the mechanism state and failure state, respectively. 
   Primes denote the consideration of the variation in column force. 
ment curve) does not appear in the experimental results, the horizontal force 
at the displacement of  Ji/h  =0.015 is taken to be the appropriate value. Both 
coincide with an error of within ±7 %. As to the corresponding displacement 
the experiment shows a larger value than the theory by up to  50  %. The in-
clusion of the afore-mentioned effect of shearing deformation in the theory 
would have decreased the difference. The table also includes the horizontal 
force at the mechanism state from the more elaborate theory which takes into 
consideration the effect of the variation of the column forces due to the beam 
shear (denoted by  H',). The variation affects the horizontal force as little as 
three percent, at maximum, on the safe or unsafe side. The ratio of the 
beam shear to the vertical load is shown at the mechanism state, for reference. 
The fact that the axial force variation has little effect on the restoring force, 
in spite of a considerable change of the axial force, is because the variation in 
the column on one side has a favorable effect and that on the other side an 
unfavorable effect. It is noted, however, that the variation affects the mech-
anism state displacement by up to 40%. 
 No difference is observed in frame behavior with specimens either with or 
without heat treatment. 
5. Summary and Conclusions 
 Models of single bay, one and two story rigid frames were tested, using wide 
flange sections, from which the characteristic behavior of a multi-story frame 
was observed. Large vertical loads have induced a significant reduction in the 
restoring force or unstable character in frame behavior, indicating the impor-
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tance of dead loads for the horizontal restoring force in tall buildings. 
 The elastic-plastic behavior of the frames was reasonably well predicted, 
until the arising of the mechanism state, by the slope-deflection method taking 
into consideration the axial forces, when the formation of plastic hinges was 
considered. The mild steel frames showed more favorable behavior than the 
theory of perfect plasticity predicts, after the mechanism state was reached. 
A rough, yet rational, inclusion of the strain-hardening effect in the analysis 
showed general agreement on the overall  behavior of a frame with the experi-
mental results, the closest agreement being found for two-storyed frames. 
 The restoring force of the frames was not appreciably affected by the varia-
tion of the column axial forces due to the beam shear, in the one and two 
story frames. This result can not be immediately extended, however, to multi-
story frames, unless further studies are made on this point, because the varia-
tion gets larger as a frame gets higher. 
 It was observed in this experiment that annealing does not affect overall 
frame behavior. 
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